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Abstract

We characterize the endogenous competition structure (in price or quantity) in a differen-

tiated mixed duopoly under demand uncertainty. We find that price competition yields higher

welfare and private firm’s profit under one dimensional uncertainty. We also endogenize the

price-quantity choice. Here, we find that Bertrand competition appears in equilibrium. How-

ever, the ranking of welfare and profit for private firm can be reversed if there exists two dimen-

sional uncertainty. We also show that Cournot competition can be the endogenous competition

structure under two dimensional uncertainty.
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1 Introduction

The comparison between price and quantity competition has been discussed extensively in the lit-

erature. In oligopolies among private firms, it is well known that price competition is stronger,

yielding lower profits than in the case of quantity competition.1 In related literature, Singh and

Vives (1984) endogenized the structure of competition (in terms of price or quantity), finding that

firms often choose whether to adopt a price contract or a quantity contract. In a private duopoly in

which both firms maximize profits, and assuming linear demand and product differentiation, Singh

and Vives (1984) showed that a quantity contract is the dominant strategy for each firm when

goods are substitutes. However, a price contract is the dominant strategy when goods are comple-

ments. Cheng (1985), Tanaka (2001a,b), and Tasnádi (2006) extended this analysis to asymmetric

oligopolies, more general demand and cost conditions, and vertical product differentiation, confirm-

ing the robustness of the results. However, these results depend on the assumption that all firms

are private and profit-maximizers. Therefore, they may not apply to the increasingly important

and popular mixed oligopolies, in which state-owned public firms compete against private firms.

Ghosh and Mitra (2010) revisited the comparison between price and quantity competition in a

mixed duopoly. They showed that, in contrast to the case of a private duopoly, quantity compe-

tition is stronger than price competition, resulting in a smaller profit for the private firm.2 Then,

Matsumura and Ogawa (2012) examined the endogenous competition structure. In their study of

a mixed duopoly, when one of the two firms is public, a price contract is the dominant strategy for

both the private and the public firm, regardless of whether goods are substitutes or complements.3

However, in these analysis, they assume that demand is certain. In other words the effect of demand

1See Shubik and Levitan (1980) and Vives (1985).
2See also Nakamura (2013) and Haraguchi and Matsumura(2015)
3Haraguchi and Matsumura (2014) showed that this result holds, regardless of the nationality of the private

firm. Chirco et al. (2014) showed that both firms choose a price contract when the organizational structure is
endogenized. However, Scrimitore (2013) showed that both firms can choose a quantity contract if a production
subsidy is introduced.
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shock is ignored.

In Resinger and Ressener(2009), they showed that in a private duopoly market, Bertrand com-

petition can appear in equilibrium if demand uncertainty is high relative to the degree of substi-

tutability. Their results implies that the demand uncertainty affects the firm’s strategy. However

they did not considers the existence of the public firm. In this study, we investigate the effect of

demand shock in a mixed duopoly market.

First, we revisit this price-quantity comparison in mixed duopoly with the exogenous demand

shock. We adopt a standard differentiated oligopoly with a linear demand (Dixit, 1979) and show

that, regardless of the existence of demand shock, the Bertrand model always yields higher welfare

and private firm’s profit.

Next, we endogenize the competition structure (i.e., price or quantity) using the model of Singh

and Vives (1984). We show that Bertrand competition appears in the equilibrium regardless of the

existence of demand shock.

Finally, we consider two dimensional demand shock. We show that Cournot competition can

be an endogenous competition structure and Cournot model can yields higher welfare and private

firm’s profit.

The remainder of the paper is organized as follows. Section 2 presents the model. Section 3

endogenizes the competition structure (i.e., a price or quantity contract) in case of a shock affecting

the demand. Section 4 presents our main result. Section 5 considers two dimensional uncertainty.

Section 6 concludes.

2 Model

We adopt a standard differentiated oligopoly with a linear demand (Dixit, 1979). The quasi-linear

utility function of the representative consumer is:

U(q0, q1) = α(q0 + q1)− β(q20 + 2δq0q1 + q21)/2 + y,
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where qi is the consumption of good i produced by firm i (i = 0, 1), and y is the consumption of an

outside good that is provided competitively (with a unit price). Parameters α and β are positive

constants, and δ ∈ (0, 1) represents the degree of product differentiation: a smaller δ indicates a

larger degree of product differentiation.

Firm 0 and firm 1 produce differentiated commodities for which the inverse demand function is

given by

pi = α− β

θ
qi −

β

θ
δqj (i = 0, 1, i ̸= j), (1)

where pi and qi are firm i’s price and quantity respectively. θ is a random variable with E[θ] = 1

and V ar(θ) = σ2
θ . We denote E[1θ ] = z. By Jensen’s inequality, z > 1 and it increases in σ2

θ .

The marginal production costs are constant. Let ci denote firm i’s marginal cost. We assume that

α > ci.

Firm 0 is a state-owned public firm, and its payoff is the social surplus, given by

SW = (p0 − c0)q0 + (p1 − c1)q1 +

[
α(q0 + q1)−

β(q20 + 2δq0q1 + q21)

2
− p0q0 − p1q1

]
.

Firm 1 is a private firm, and its payoff is its own profit: π1 = (p1 − c1)qi.

The game runs as follows. In the first stage, each firm chooses whether to adopt a price contract or

a quantity contract. In the second stage, after observing the rival’s choice in the first stage, each

firm simultaneously chooses its own strategy, according to the decision in the first stage. Thereafter,

the shock realizes, market clear, and welfare and profit accrue.

3 Second-stage games

First we discuss four possible subgames: both firms choose quantity contract(q-q game), both firms

choose price contract(p-p game), only firm 0 chooses the quantity contract(q-p game), or only firm

0 chooses price contract(p-q game). We assume that the solutions in all the following games are
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interior, that is, equilibrium prices and quantities of both firms are strictly positive. Let us define

ai ≡ α − ci, and let us adopt the superscript ′ij′ to denote the equilibrium outcome when firm 0

chooses i ∈ p, q and firm 1 chooses j ∈ p, q.

3.1 Cournot model (q-q game)

First, we discuss the Cournot model (q-q game) in which both firms choose quantities. Because

E[1θ ] = z, expected inverse demand is given by pi = α−zβqi−zβδqj (i = 0, 1, i ̸= j). The first-order

conditions for public firm and private firm are, respectively,

∂SW

∂q0
= a0 − βq0 − βδq1 = 0,

∂π1
∂qi

= a1 − 2βq1z − βδq0z = 0.

The second-order conditions are satisfied. From the first-order conditions, we obtain the following

reaction functions for firm 0 and firm 1, respectively:

Rqq
0 (q1) =

a0 − βδq1
β

,

Rqq
1 (q0) =

a1 − βδq0z

2βz
.

These functions lead to the following expression for the equilibrium quantities:

qqq0 =
2a0z − δa1
β(2− δ2)z

,

qqq1 =
a1 − δa0z

β(2− δ2)z
.

Substituting these equilibrium quantities into the demand and payoff functions, we have the fol-

lowing expected welfare and expected profit for firm 1:

SW qq =
((4− δ2)a0 − 2δ(2− δ2)a1)a0z

2 + 2((2− δ2)a1 − δa0)z − (1− δ2)a21
2β(2− δ2)2z2

, (2)

πqq
1 =

(a1 − δa0z)
2

β(2− δ2)2z
. (3)
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3.2 Bertrand model (p-p game)

We now characterize the Bertrand model (p-p game) in which both firms choose prices. By (1) the

direct demand function is given by

qi =
θ(α− αδ − pi + δpj)

β(1− δ2)
, (i = 0, 1, i ̸= j).

As E[θ] = 1, expected direct demand is given by
α−αδ−pi+δpj

β(1−δ2)
(i = 0, 1, i ̸= j). The first-order

conditions for public and private firms are, respectively,

∂SW

∂p0
=

c0 − p0 − δc1 + δp1
β(1− δ2)

= 0,

∂π1
∂p1

=
c1 − 2p1 + α+ δp0 − δα

β(1− δ2)
= 0.

The second-order conditions are satisfied. From the first-order conditions, we obtain the following

reaction functions for public and private firms, respectively:

Rpp
0 (p1) = c0 + δ(p1 − c1),

Rpp
1 (p0) =

c1 + α+ p0δ − αδ

2
.

These functions lead to the following expression for the equilibrium prices:

ppp0 =
αδ − αδ2 + 2c0 − δc1

2− δ2
,

ppp1 =
α− αδ + c1 + δc0 − δ2c1

2− δ2
.

Substituting these equilibrium quantities into the payoff functions, we have the following resulting

expected welfare and expected profit for firm 1:

SW pp =
(4− 5δ2 + 2δ4)a20 + (3− 3δ2 + δ4)a21 − 2δ(3− 3δ2 + δ4)a0a1

2β(1− δ2)(2− δ2)2
, (4)

πpp
1 =

(a1 − δa0)
2

β(1− δ2)(2− δ2)2
. (5)
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3.3 p-q game

We discuss the situation in which firm 0 chooses the price contract and firm 1 chooses the quantity

contract. The first-order conditions for firms 0 and 1 are, respectively,

∂SW

∂p0
=

c0 − p0
β

= 0,

∂π1
∂q1

= α− δα− c1 + δp0 − 2β(1− δ2)q1z = 0.

The second-order conditions are satisfied. From the first-order conditions, we obtain the following

reaction functions for public and private firms, respectively:

Rpq
0 (q1) = c0,

Rpq
1 (p0) =

α− δα− c1 + δp0
2β(1− δ2)z

.

These functions lead to the following expression for the equilibrium price and quantity:

ppq0 = c0,

qpq1 =
a1 − δa0

2β(1− δ2)z
.

Substituting these equilibrium price and quantity into the payoff functions, we have the following

resulting expected welfare and expected profit for firm 1:

SW pq =
4(1− δ2)a20z

2 + 4(a1 − δa0)
2z − (a1 − δa0)

2

8β(1− δ2)z2
, (6)

πpq
1 =

(a1 − δa0)
2

4β(1− δ2)z
. (7)

3.4 q-p game

We now discuss the situation in which firm 0 chooses the quantity contract and firm 1 chooses the

price contract. The first-order conditions for firms 0 and 1 are, respectively,

∂SW

∂q0
= a0 − δa1 − β(1− δ2)q0 = 0,

∂π1
∂p1

=
c1 − 2p1 + α− βδq0

β
= 0.
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The second-order conditions are satisfied. From the first-order conditions, we obtain the following

reaction functions for public and private firms, respectively:

Rqp
0 (p1) =

a0 − δa1
β(1− δ2)

,

Rqp
1 (q0) =

α+ c1 − βδq0
2

.

These functions lead to the following expression for the equilibrium quantity and price:

qqp0 =
a0 − δa1
β(1− δ2)

,

pqp1 =
c1 + α+ δc0 − δα− 2δ2c1

2(1− δ2)
.

Substituting these equilibrium quantity and price into the payoff functions, we have the following

resulting expected welfare and expected profit for firm 1:

SW qp =
(4− 5δ2)a20 + (3− 4δ2)a21 − 2δ(3− 4δ2)a0a1

8β(1− δ2)2
, (8)

πqp
1 =

(a1 − δa0)
2

4β(1− δ2)2
. (9)

4 Result

We now discuss the choice at the first stage.

Lemma 1 (i) SW pq > SW qq, (ii)SW pp > SW qp, (iii) πpp
1 > πpq

1 , and (iv) πqp
1 > πqq

1

Proof (i)From (6) and (2), we have

SW pq − SW qq =
δ((1− δ2)(2z − 1)a0 + δa1)H1(δ, z)

8β(1− δ2)(2− δ2)2z
,

where H1(δ, z) ≡ (2(1− δ)(2a1 + δ(a1 − δa0)) + 4(a1 − δ2a0))z + (2− δ3)a0 − (4− 3δ2)a1.

SW pq − SW qq is positive(res. negative, zero) if H1(δ, z) is positive(res. negative, zero). Obviously

H1(δ, z) is increasing in z for z ≥ 1. We now show that H1(δ, 1) > 0. Substituting z = 1 into

H1(δ, z), we have H1(δ, 1) = 2(1 − δ)a0 + (4 − δ2)(a1 − δa0) > 0. Thus SW pq − SW qq is positive
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for z > 1.

(ii)From (4) and (8), we have

SW pp − SW qp =
δ2(a1 − δa0)

2(4− 3δ2)

8β(1− δ2)2(2− δ2)2
.

This is positive under the assumption of interior solution.

(iii)From (5) and (7), we have

πpp
1 − πpq

1 =
(a1 − δa0)

2(4z − (2− δ2)2)

4β(1− δ2)(2− δ2)2z
.

This is positive under the assumption of interior solution.

(iv)From (9) and (3)

πqp
1 −πqq

1 =
−4δ2(1− δ2)2a20z

2 + (4(a21 + δ2a20 + δ5a0a1)− δ2(4− δ2)(a1 + δa0)
2)z − 4(1− δ2)2a21

4β(1− δ2)2(2− δ2)2z
≡ f1(δ, z).

We now show that f1(δ, 1) > 0 and that f1(δ, z) is increasing in z under the assumption of the

interior solution. Substituting z = 1 into f1(δ, z), we have f1(δ, 1) = δ2(4−3δ2)(a1−δa0)2

4β(1−δ2)2(2−δ2)2
> 0. We

show that f1(δ, z) is increasing in z under the assumption of the interior solution. We have that

∂f1(δ, z)

∂z
=

(a1 − δa0z)(a1 + δa0z)

β(2− δ2)2z2
.

This is positive under the assumption of the interior solution. Q.E.D.

We now present our main result:

Proposition 1 Bertrand competition is the endogenous competition structure for any degree of

demand shock.

Proof Lemma 3(i) and Lemma 3(ii) imply that choosing p is the dominant strategy for firm 0.

Lemma 3(iii) and Lemma 3(iv) imply that choosing p is dominant strategy for firm 1. Q.E.D.

We explain the intuition why one dimensional demand uncertainty dose not change the com-

petition structure. First we check the private firm’s incentive. Suppose that public firm chooses
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the price contract. Rpq
0 = c0 indicates that firm 0 engages in marginal cost pricing regardless of

private firm’s output. Since the quantity of private firm is given, marginal cost pricing is best for

welfare. From Rpp
0 (p1) = c0 + δ(p1 − c1), public firm chooses higher price than its marginal cost,

responding to private firm’s pricing, when private firm chooses the price contract. If private firm

chooses the price contract its output depends on public firm’s price and a lower public firm pricing

reduces output of private firm and a smaller private firm’s output reduces social welfare. Thus,

public firm chooses higher price than its marginal cost to reduce this welfare loss. This higher price

is beneficial for private firm. In addition, since
∂Rpq

1 (q0)
∂z = −α−δα−c1+δp0

(2β(1−δ2)z2
< 0, an increasing in z

decreases private firm’s output. This reduces private firm’s profit in p-q game and price contract

is more attractive for private firm.

Suppose that public firm chooses the quantity contract. Suppose that private firm choose

quantity contract. Substituting Rqq
0 (q1) = a0−βδq1

β into the expected inverse demand function

of public firm, we have that public firm chooses output such that p0(q0, q1) = c0 − (z − 1)α ≤

c0. Suppose that private firm chooses the price contract. Substituting Rqp
0 (p1) = a0−δa1

β(1−δ2)
into

the expected demand function of public firm, we have that public firm chooses output such that

p0(q0, p1) > c0. If private firm chooses the price contract, its output depends on public firm’s

output. A lager out put of public firm reduces the quantity of private firm, and a smaller private

firm’s output reduces welfare. Therefore, public firm chooses a smaller quantity than that when

private firm chooses the quantity contract, and this smaller quantity of public firm is beneficial for

private firm. Additionally, since
∂Rqq

1 (q0)
∂z = − 2βa1

(2βz)2
< 0 , an increasing z decreases the output of

private firm in q-q game and decreases private firm’s profit. Thus private firm prefers the price

contract to the quantity contract.

Second, we check the public firm’s incentive. As Singh and Vives(1984) discussed, the demand

elasticity of private firm is higher when public firm chooses price contract than quantity contract.

Thus private firm becomes more aggressive when public firm chooses price contract rather than the
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quantity contract, improving welfare. In addition as discussed above, the existence of uncertainty

decreases private firm’s quantity in q-q and p-q game in these games. This reduction of private

firm’s output reduces social welfare. Thus, public firm has a strict incentive to choose the price

contract under uncertainty. We show that the result of Matsumura and Ogawa(2012) is robust

under one dimensional demand uncertainty.

We discuss the Cournot Bertrand comparison in a mixed duopoly.

Proposition 2 The Bertrand model yields higher welfare and private firm’s profit than does the

Cournot, regardless of the degree of demand uncertainty.

Proof From (4) and (2), we have

SW pp − SW qq =
H2(δ, z)

2β(1− δ2)(2− δ2)2z
,

where H2 ≡ ((a1 − δa0)((1− δ2)a1 +(a1 − δ3a0))+ (1− δ2)a21)z
2 − 2(1− δ2)a1((2− δ2)a1 − δa0)z+

(1−δ2)2a21. SW
pp−SW qq is positive(res. negative, zero) if H2(δ, z) is positive(res. negative, zero).

We now show that H2(δ, 1) > 0 and that H2(δ, z) is increasing in z for z ≥ 1. Substituting z = 1

into H2(δ, z), we have H2(δ, 1) = δ2(a1 − δa0)
2 > 0. We show that H2(δ, z) is increasing in z for

z ≥ 1 if δ ∈ (0, 1). We have that

∂H2(δ, z)

∂z
= 2((a1 − δa0)((1− δ2)a1 + (a1 − δ3a0)) + (1− δ2)a21)z − 2(1− δ2)a1((2− δ2)a1 − δa0).

This is increasing in z. Substituting in z = 1, we have

∂H2(δ, z)

∂z
|z=1 = a1(a1 − δa0) > 0.

Thus, ∂H2(δ,z)
∂z > 0 for z ≥ 1. From (5) and (3), we have

πpp
1 − πqq

1 =
−δ2(1− δ2)a20z

2 + (a21 + δ2a20 − 2δ3a0a1)z − (1− δ2)a21
β(1− δ2)(2− δ2)2z

≡ f2(δ, z).
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We now show that f2(δ, 1) > 0 and that f2(δ, z) is increasing in z under the assumption of the

interior solution. Substituting z = 1 into f2(δ, z), we have f2(δ, 1) =
δ2(a1−δa0)2

β(1−δ2)(2−δ2)2
> 0. We show

that f2(δ, z) is increasing in z under the assumption of the interior solution. We have that

∂f2(δ, z)

∂z
=

(a1 − δa0z)(a1 + δa0z)

β(2− δ2)2z2
.

This is positive under the assumption of the interior solution. Q.E.D.

As Gosh and Mitra(2010) discussed, in a mixed duopolies the Cournot model yields stronger

competition among firms than does the Bertrand model. Since
∂Rqq

1 (q0)
∂z = − 2βa1

(2βz)2
< 0, given

public firm’s output an increasing z decreases private firm’s quantity in Cournot competition and

the output of public firm is not affected by z. This decreases firm 1’s profit and social welfare in

Cournot competition. Additionally, as discussed in Resinger and Ressener(2009), a demand shock

which affects the slope dose not change the equilibrium outcome in the Bertrand model. Therefore,

an increasing z makes the Bertrand model is more attractive than the Cournot model for both

public and private firm. We show that the result of Gosh and Mitra(2010) is robust under one

dimensional demand uncertainty.

5 Extension

This section extends the model. In this section we considers the two dimensional demand uncer-

tainty. Until now we have only assumed a demand shock which affects the slope. In this section

we additionally consider a shock to the intercept. The inverse demand is then given by

pi = α+ ϵ− β

θ
qi −

β

θ
δqj (i = 0, 1, i ̸= j), (10)

where ϵ is a random variable. Without loss of generality, we assume E[ϵ] = 0 and V ar(ϵ) = σ2
ϵ > 0.

We denote the covariance between the shocks by σθϵ.
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Under qq-game, we obtain the following reaction functions for firm 0 and firm 1, respectively:

Rqq
0 (q1) =

a0 − βδq1
β

,

Rqq
1 (q0) =

a1 − βδq0z

2βz
.

The equilibrium quantity of the public firm can be derived as

qqq0 =
2a0z − δa1
β(2− δ2)z

,

and that of the private firm is

qqq1 =
a1 − δa0z

β(2− δ2)z
.

Substituting these equilibrium quantities in to the demand and payoff functions we have the fol-

lowing expected welfare and firm 1’s expected profit:

SW qq =
((4− δ2)a0 − 2δ(2− δ2)a1)a0z

2 + 2((2− δ2)a1 − δa0)z − (1− δ2)a21
2β(2− δ2)2z2

, (11)

πqq
1 =

(a1 − δa0z)
2

β(2− δ2)2z
. (12)

Under pp-game, we obtain the following reaction functions for public and private firms, respectively:

Rpp
0 (p1) = c0 + δ(p1 − c1) + σθϵ(1− δ),

Rpp
1 (p0) =

c1 + α+ p0δ − αδ + σθϵ(1− δ)

2
.

The equilibrium price of the public firm can be derived as

ppp0 =
αδ − αδ2 + 2c0 − δc1 + (2− δ − δ2)σθϵ

2− δ2
,

and that of the private firm is

ppp1 =
α− δα+ c1 − δc0 + (1− δ2)σθϵ

2− δ2
.
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Substituting these equilibrium prices in to the demand and payoff functions we have the following

expected welfare and firm 1’s expected profit:

SW pp =
H3

2β(1− δ2)(2− δ2)2
, (13)

πpp
1 =

(a1 − δa0 + σθϵ(1 + δ2))2

β(1− δ2)(2− δ2)2
, (14)

where H3 ≡ −(1− δ2)σ2
θϵ + (2a0δ

3 − 2a1δ
2 + 2(a1 − δa0))σθϵ − 2a0a1δ

5 + (a21 + 2a20)δ
4 + 6a0a1δ

3 −

(3a21 + 5a20)δ
2 − 6a0a1δ + 3a21 + 4a20.

Under pq-game, we obtain the following reaction functions for public and private firms, respec-

tively:

Rpq
0 (q1) = c0 + σθϵ,

Rpq
1 (p0) =

α− δα− c1 + δp0
2β(1− δ2)z

.

The equilibrium price of the public firm can be derived as

ppq0 = c0 + σθϵ,

and the equilibrium quantity of the private firm can be derived as

qpq1 =
a1 − δa0 + δσθϵ
2β(1− δ2)z

.

Substituting these equilibrium price and quantity in to the demand and payoff functions we have

the following expected welfare and firm 1’s expected profit:

SW pq =
H4

8β(1− δ2)z2
, (15)

πpq
1 =

(a1 − δa0 + σθϵδ)
2

4β(1− δ2)z
, (16)

where H4 ≡ 4a20(1−δ2)z2+4(a1−δa0)(a1−δa0+δσθϵ)−δ2σθϵ−2δ(a1−δa0)σθϵ−a20δ
2+2a0a1δ−a21
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Under qp-game, we obtain the following reaction functions for public and private firms, respec-

tively:

Rqp
0 (p1) =

a0 − δa1
β(1− δ2)

,

Rqp
1 (q0) =

α+ c1 − βδq0 + σθϵ
2

.

The equilibrium quantity of the public firm can be derived as

qqp0 =
a0 − δa1
β(1− δ2)

,

and the equilibrium price of the private firm can be derived as

pqp1 =
(1− δ2)σθϵ − 2c1δ

2 − (α− c0)δ + c1 + α

2(1− δ2)
.

Substituting these equilibrium quantity and price in to the demand and payoff functions we have

the following expected welfare and firm 1’s expected profit:

SW qp =
H5

8β(1− δ2)2
, (17)

πqp
1 =

(a1 − δa0 + σθϵ(1 + δ2))2

4β(1− δ2)2
, (18)

where H5 ≡ −(1− δ2)2σ2
θϵ + 2(1− δ2)(a1 − δa0)σθϵ + 8a0a1δ

3 − δ2(4a21 + 5a20)− 6a0a1δ+ 3aa1 + 4a20

We now present our main result:

Proposition 3 Cournot competition can be the endogenous competition structure if there exists

two dimensional demand shock.

Proof From (15) and (11), we have

SW pq − SW qq =
H6

8β(1− δ2)(2− δ2)2z
, (19)

where H6 ≡ δ(−(1 − δ22a0z − (2 − δ2)σθϵ − a0δ
2 − a1δ + 2a0)((−2a0δ

3 + 4a1δ
2 + 6a0δ − 8a1)z +

(2− δ2)δσθϵ + a0δ
3 − 3a1δ

2 − 2a0δ + 4a1).

15



From (13) and (17), we have

SW pp − SW qp =
δ2(a1 − δa0 + σθϵ(1 + δ2))(−(1− δ2)(4− δ2) + (4− 3δ2)(a1 − δa0))

8β(1− δ2)2(2− δ2)2
. (20)

From (14) and (16), we have

πpp
1 − πpq

1 =
H7

4β(1− δ2)(2− δ2)2z
. (21)

where H7 ≡ 4(a1−δa0+σθϵ(1+δ2)2)z−δ2(2−δ2)2σ2
θϵ−2δ(2−δ2)2(a1−δa0)σθϵ−a20δ

6+2a0a1δ
5+

δ4(4a20 − a21)− 8δ3a0a1 + 4δ2(a21 − a20) + 8δa0a1 − 4a21.

From (18) and (12) we have

πqp
1 − πqq

1 =
H8

4β(1− δ2)2(2− δ2)2z
, (22)

where H8 ≡ −4(1− δ2)2δ2a20z
2 + ((1− δ2)2(2− δ2)2σ2

θϵ + 2(1− δ2)(2− δ2)2(a1 − δa0)σθϵ + δ6a20 +

6δ5a0a1 + δ4(a1 − 4a20)− 8δ3a0a1 + 4δ2(a20 − a21) + 4a21)z − 4(1− δ2)2a21.

Substituting α = 10, β = 1, c0 = 9, c1 = 8, δ = 0.3, z = 3, σθϵ = 1.5 into (19), (20), (21), and

(22) we have SW qp − SW qq ≈ 0.289, SW pp − SW qp ≈ 0.011, πpp
1 − πpq

1 = 2.406, and πqp
1 − πqq

1 ≈

2.726. Then Bertrand competition can be the endogenous competition structure. Substituting

α = 10, β = 1, c0 = 9, c1 = 8, δ = 0.2, z = 1.5, σθϵ = −1.5 into (19), (20), (21), and (22), we have

SW pq − SW qq ≈ −0.073, SW pp − SW qp ≈ 0.006, πpp
1 − πpq

1 = −0.355, and πqp
1 − πqq

1 ≈ −0.466

Then, quantity contract is dominant strategy for firm 1. Given firm 1’s quantity contract, choosing

quantity contract makes lager welfare than price contract. Therefore Cournot can appear in the

equilibrium. Q.E.D.

We explain the intuition why two dimensional demand uncertainty can change the competition

structure. First we explain why private firm has incentive to deviate from the p-p game. The

reducing σθϵ induces both public and private firm’s lower pricing. In other words the reducing

σθϵ makes severe competition in the p-p game. This reduces profit for private firm. Similarly, the
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reducing σθϵ induces public firm’s aggressive behavior in p-q game. However, the decreasing σθϵ

dose not reduces private firm’s quantity directly in p-q game. Therefore, reduction of profit for

private firm by the effect of decreasing σθϵ is lager p-q game than p-p game. Then private firm can

earn lager profit in p-q game for some σθϵ.

Suppose that public firm chooses the quantity contract. Suppose that private firm choose

quantity contract. In q-q game, σθϵ dose not matter. Suppose that private firm chooses the price

contract. In q-p game, the decreasing σθϵ induces private firm’s lower pricing and this is harmful

for profit for private firm. Therefore, σθϵ is negative and private firm prefers the quantity contract

to the price contract.

Second, we check the public dose not have a incentive to deviate from q-q game if σθϵ is negative.

As argued above, σθϵ dose not matter in q-q game. However, in p-q game reducing σθϵ decreases

price for public firm and quantity of private firm. The former effect gains welfare and latter effect

makes welfare loss. Then, the latter effect dominates the former effect and welfare loss occurs.

Thus decreasing σθϵ can achieve lager welfare in the q-q game than p-q game.

Proposition 4 If there exists two dimensional uncertainty, both SW pp > SW qq and SW pp <

SW qq < 0 are possible.

Proof From (13) and (11), we have

SW pp − SW qq =
H9

2β(1− δ2)(2− δ2)2z
, (23)

where H9 ≡ (−(1− δ2)σ2
θϵ +2(1− δ2)(a1 − δa0)σθϵ + δ4(a20 + a21)− 3δ2a21 − 2δa0a1 +3a21)z

2 − 2(1−

δ2)a1(2a1 − δa0 − δa1)z + (1− δ2)2a21

Substituting α = 10, β = 1, c0 = 9, c1 = 8, δ = 0.3, z = 3, σθϵ = 3 into (23), we have SW pp−SW qq ≈

1.047. Substituting α = 10, β = 1, c0 = 9, c1 = 8, δ = 0.3, z = 3, σθϵ = 5 into (23), we have

SW pp − SW qq ≈ −0.214. Q.E.D.

Under two dimensional uncertainty, an increasing the σθϵ makes both public and private firm’s
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higher pricing in Bertrand model and σθϵ dose not affect the equilibrium outcome in Cournot model.

Since the higher pricing reduces social welfare, and then the Cournot model can yield higher welfare

than the Bertrand model if σθϵ is sufficiently large.

Proposition 5 If there exists two dimensional uncertainty, both πpp
1 > πqq

1 and πpp
1 < πqq

1 are

possible.

Proof From (14) and (12), we have

πpp
1 −πqq

1 =
−(1− δ2)δ2a20z

2 + ((1− δ2)2σ2
θϵ + 2(1− δ2)(a1δa0)σθϵ − 2a0a1δ

3 + a20δ
2 + a21)z + δ2a21 − a21

β(1− δ2)(2− δ2)2z
.

(24)

Substituting α = 10, β = 1, c0 = 9, c1 = 8, δ = 0.3, z = 3, σθϵ = −1 into (24), we have

πpp
1 − πqq

1 ≈ 0.077. Substituting α = 10, β = 1, c0 = 9, c1 = 8, δ = 0.3, z = 3, σθϵ = −1.5 into (24),

we have πpp
1 − πqq

1 ≈ −0.077. Q.E.D.

Under two dimensional uncertainty, the negative σθϵ induces both public and private firm’s

aggressive pricing in the Bertrand model. This aggressive pricing decreases private firm’s profit

in the Bertrand model. The existence of σθϵ does not matter in the Cournot model. Therefore

Cournot model can yield higher profit for private firm if σθϵ takes negative value.

6 Conclusion

In this study, we revisit the classic discussion of the comparison between price and quantity compe-

tition. but in a mixed duopoly under demand uncertainty. Ghosh and Mitra(2010) considered the

certain demand and showed that in a mixed duopoly, price competition yields higher welfare and

a lager profit for private firm. We show that regardless of the degree of demand uncertainty, price

competition yields higher welfare and a lager profit for private firm. We also endogenize the choice

of price or quantity contract. Matsumura and Ogawa(2012) considered the certain demand and

showed that choosing a price contract is the dominant strategy for both firms. We find that both
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firms choose price contracts in the unique equilibrium regardless of the degree of demand shock.

We also show that Cournot model can yield higher welfare and profit for private firm and quantity

competition appears in the equilibrium if there are two dimensional demand uncertainty.
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